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Topological phase transition induced by Zeeman field in topological
insulator/superconductor heterostructure
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We investigate a topological insulator – superconductor heterostructure with an Abrikosov vortex
in a magnetic field. Large Zeeman field causes a topological phase transition in the system. We
found that a Majorana fermion exists at the vortex core in the phase with zero first Chern number
and does not exist at the phase with non-trivial first Chern number. This result is supported by the
index theorem. This system provides an example in which a Majorana fermion emerges in a system
with zero first Chern number.
PACS numbers: 71.10.Pm, 03.67.Lx, 74.45.+c
I. INTRODUCTION
Topological phases are of great interest in modern
physics1–3. All topological states of matter can be classi-
fied by their global symmetries: particle-hole conjuga-
tion, time-reversal and their combination – the chiral
symmetry. In each symmetry class the material is char-
acterized by a topological index which can be either triv-
ial or not. If the Hamiltonian preserves the symmetry,
then the topological index can be changed only when the
gap in the spectrum closes4. This process of changing of
topological index with a gap closure is called topological
phase transition3.
Topological phase transitions in superconductors
are of special interest in connection with Majorana
fermions3,5,6. Such quasiparticles obey non-abelian
statistics and may be used for fault-tolerant quantum
computations. Usually, Majorana fermions are pinned to
the defects in topological superconductors, such as vor-
tices7,8, hedgehogs9, edges10,11 and other boundaries12.
Presence of Majorana fermions is associated with corre-
sponding topological index12.
One of the most widely used Z2 topological indices for
describing presence of Majorana fermions in the system is
the evenness of the first Chern number. The first Chern
number is the flow of the Berry connection through the
Brillouin zone4. For 1D systems the evenness of the first
Chern number is equivalent to other topological indices,
like Pfaffian invariant13 and Uhlmann number14. So, the
first Chern number gives full information about the pres-
ence of Majorana fermions in 1D systems.
In 2D systems situation differs. It is known from the
index theorem15 and from direct calculations8,17 that the
presence of the Majorana fermions at the vortex cores
depends on the evenness of vorticity. However, the first
Chern number is a gauge invariant quantity and does not
contain information about vorticity. In Ref. 12 Teo and
Kane proposed another topological index for describing
Majorana fermions at the defects in classD that is the in-
tegral of the Chern-Simons form over the Brillouin zone.
For 2D it is equal to the product of the first Chern num-
ber and the vorticity mod 2. So, they suggest that even
vorticity and even first Chern number are necessary and
sufficient for the presence of a Majorana fermion at the
vortex core in two dimensions.
So far, the first Chern number shows itself as a manifest
of Majorana fermions in superconducting systems18,21.
However, recent works show that separate Majorana
fermions can emerge in the non-equilibrium system even
if the first Chern number is zero22. In this paper we
will show that Majorana fermion can emerge at the vor-
tex core in the equilibrium system with zero first Chern
number.
We study a topological insulator/s-wave superconduc-
tor heterostructure with a vortex in a magnetic field.
Large Zeeman field causes topological phase transition in
the system. The first Chern number is trivial in the phase
with small Zeeman field and non-trivial in the phase with
large Zeeman field. Index theorem and direct solution of
BdG equations show that a Majorana fermion emerges at
the vortex in the phase with small Zeeman field, where
the first Chern number is zero. That is in contradiction
with known results for the topological indices. Possible
experimental realization of such topological phase tran-
sition is discussed.
II. CALCULATING TOPOLOGICAL INDICES
In this section we study topological indices of the topo-
logical insulator/superconductor (TI/SC) heterostruc-
ture. Singlet superconductivity is induced by proxim-
ity effect at the metallic surface states of topological
insulator. The resulting BdG Hamiltonian in the pres-
ence of Abrikosov vortex can be written in Nambu basis
(u↑, u↓, v↓,−v↑)T in units ~ = 1 as
H = v(σxkx + σyky)τz +∆τxe
ilθτz − Uτz − (B · σ)(1)
where σi acts in spin space, τi acts in the particle-hole
space, pi is the momentum, v is the Fermi velocity of the
2surface states, U is the shift from the Dirac point, B =
(Bx, By, Bz) is the Zeeman field, axis z is perpendicular
to the surface, ∆ is the modulus of superconducting order
parameter, θ is the phase of the order parameter and l is
the vorticity. This Hamiltonian has unitary particle-hole
symmetry Ξ2 = +1 and broken time-reversal symmetry:
ΞH(k)Ξ = −H(−k) Ξ = σyτyK
TH(k)T 6= +H(−k) T = iσyK (2)
where Ξ is the particle-hole conjugation, T is the time-
reversal, K means complex conjugation. These global
symmetries define symmetry class D. In that class the
presence of Majorana fermions at the point defects is
associated with a Z2 index.
We begin our investigation with spectrum analysis.
Magnetic field closes the gap Eg at |B| =
√
∆2 + U2
and re-opens the gap at larger values of the magnetic
field (Fig. 1). Note that the value of the re-opened gap is
proportional to the out-of-plane component of magnetic
field, while in-plane magnetic field only closes supercon-
ducting gap and does not re-open it.
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FIG. 1. Gap in the spectrum of the Hamiltonian (1) versus
magnetic field in dimensionless units: Bi = Bi/
√
∆2 + U2,
Eg = Eg/
√
∆2 + U2. Upper graph is plotted versus purely
out-plane magnetic field, lower graph is plotted versus purely
in-plane magnetic field.
We have calculated the first Chern number C1
C1 =
1
2π
∑
En<0
∫
d2k (∂xA
nn
y − ∂yAnnx ) (3)
where Almj = −i〈ul| ∂∂kj um〉 is the Berry connection, un
is the Bloch vector of the band n. Direct calculation of
the first Chern number (3) of the Hamiltonian given by
(1) shows that
C1 = 0, |B| <
√
∆2 + U2, ∆ 6= 0
C1 = − sgnBz , |B| >
√
∆2 + U2, Bz 6= 0 (4)
This is not a surprise, since the regime |B| < √∆2 + U2
is adiabatically connected to the time-reversal state with
|B| = 0, l = 0, where the first Chern number has to be
zero. In the case of large magnetic field |B| > √∆2 + U2,
the system is adiabatically connected to the state with
∆ = 0 and unity first Chern number, that exhibits
anomalous quantum hall effect23.
In the case of 2D topological insulator in class D, the
Z2 index can be expressed through Chern-Simons form:
ZC2 =
∫
Q3mod 2 (5)
Q3 = Tr(A ∧ dA+ 2
3
A ∧A ∧A) (6)
where integration is performed over the two-dimensional
momentum space and the one-dimensional space of di-
rections around the defect in real space, ∧ is the wedge
product of the differential forms. A is the Berry connec-
tion 2×2 matrix (since the band indices run only through
the filled bands) with elements being differential 1-forms
defined as Alm =∑Almk dpk, where pk runs through k1,
k2, and θ. The wedge products being applied to matrices
of differential forms acts as a usual matrix commutator
with outer product of their elements. Thus, the argu-
ment of the trace in (6) is a 2×2 matrix with differential
3-forms, proportional to dk1∧dk2∧dθ, being its elements.
It has been shown12 that this Z2 index can be ex-
pressed through the first Chern number by the formula
ZC2 = C1 × l mod 2 (7)
where C1 is defined by the Eq. (3). So, Z
C
2 = 1 is nontriv-
ial only if magnetic field is large |B| > √∆2 + U2, Bz 6= 0
and vorticity is odd lmod 2 = 1.
Luckily, for TI/SC heterostructure we can indepen-
dently compare the answer given by Chern number anal-
ysis with the rigorous index theorem. To perform that
comparison, we apply Atyah-Zinger type index theorem
for TI/SC in the same way as it was done in Ref. 15. That
theorem states that number of zero-modes is equal to the
index of the Dirac operator. In case of U = |B| = 0 the
BdG Hamiltonian can be written using Dirac matrices
H =
∑
a=1,2
vγai∇a + Γana (8)
where γ1 = σxτz, γ2 = σyτz , Γ1 = τx, Γ2 = τy are
Dirac matrices with anticommutation relations {γi, γj} =
{Γi,Γj} = δij , {Γi, γj} = 0; n = (cos lθ,− sin lθ)∆ de-
scribes complex order parameter and ∇ = (∂x, ∂y). Chi-
ral operator γ5 can be written as a product of all gamma
matrices γ5 = −γ1γ2Γ1Γ2. Index theorem implies that
number of zero modes of the Hamiltonian is the winding
number of the scalar field
indH = − 1
2π
∫
dix ǫabnˆa∂inˆb (9)
where nˆ = n/|n|. Thus, the right side of the equation is
just the sum of all vorticities. So, Z2 index that decribes
presence of odd number of Majorana fermions in the vor-
tex is equal to the oddness of vorticity Z ind2 = lmod 2.
3This index theorem for TI/SC is generalized for non-
zero Bi and U that do not close the gap
16. Such terms
violate chiral symmetry. However, these terms do not
change the value of Z ind2 . Thus, Z
ind
2 index that is valid
for all U and B that do not close the gap from the state
with U = |B| = 0 is equal to the oddness of vorticity
Z ind2 = lmod 2, |B| <
√
∆2 + U2. (10)
As we can see, the result, given by the index theorem,
does not contain information about the first Chern num-
ber. Moreover, this result is in contradiction with Eq. (7)
since ZC2 6= Z ind2 for odd vorticities l.
To find out which topological number provides correct
description of the presence of Majorana fermion at the
vortex core we analytically solve BdG equations for the
vortex in a Zeeman field that is perpendicular to the
surface B = (0, 0, Bz) with unit vorticity l = 1.
We can define a transformation of the basis:
ψ = exp[−i(τz − σz)/2 + iµθ]Fµ(r),
Fµ = (fµ1 , f
µ
2 , f
µ
3 ,−fµ4 )T (11)
where µ is the total angular momentum of the state. Ma-
jorana fermion is the solution with zero energy that must
be its own antiparticle ψ = Ξψ, where Ξ is defined by (2).
This condition implies that Majorana fermion must have
zero angular momentum µ = 0. After transformation of
the Hamiltonian (1) using symmetry transformation (11)
for µ = 0 we obtain that
iv
(
d
dr
+
1
r
)
f2+∆f3−(U+Bz)f1=0,
iv
d
dr
f1−∆f4−(U−Bz)f2=0,
iv
d
dr
f4+∆f1+(U−Bz)f3=0, (12)
iv
(
d
dr
− 1
r
)
f3−∆f2+(U+Bz)f4=0.
After the following substitution
X1 = if1 + f4, X2 = if1 − f4,
Y1 = if2 − f3, Y2 = if2 + f3, (13)
the system of equations (12) decouples into the two sub-
systems
v
(
d
dr
−∆
v
)
X1− i(Bz−U)Y1=0,
v
(
d
dr
+
1
r
−∆
v
)
Y1+ i(Bz+U)X1=0, (14)
and
v
(
d
dr
+
∆
v
)
X2− i(Bz−U)Y2=0,
v
(
d
dr
+
1
r
+
∆
v
)
Y2+ i(Bz+U)X2=0. (15)
These two subsystems differ only by the sign at ∆. Thus,
after the transformation we get X(Y )α = X˜(Y˜ )α ×
e
λ
r∫
0
∆(r′)/v dr′
, where λ = 1 for the first subsystem α = 1
and λ = −1 for the second subsystem α = 2, solution of
these two systems can be rewritten in terms of solution
of the following equation
i (Bz−U) Y˜α=v d
dr
X˜α,
d2
dr2
X˜α+
1
r
d
dr
X˜α−
(
B2z − U2
)
X˜α=0 (16)
Solutions of the Eq. (16) can be expressed in terms of
Bessel functions of either real or complex argument, de-
pending on the sgn(U2 − B2z ). Solutions integrable at
r = 0 can be expressed in terms of the Bessel function of
the first kind with zero order
X˜α = J0
( r
v
√
U2 −B2z
)
(17)
Solution of the first subsystem α = 1 that is X1 =
J0
(
r
v
√
U2 −B2z
)
× e
r∫
0
∆(r′)/v dr′
is not integrable at any
values of (∆, U,Bz), so X1 = Y1 = 0. Solution of the sec-
ond subsystem α = 2 that is X2 = J0
(
r
v
√
U2 −B2z
)
×
e
−
r∫
0
∆(r′)/v dr′
is integrable if |U | ≥ |Bz| for any nonzero
∆. If |U | < |Bz | then the solution for large argument
can be expressed as X2 ∼ e−∆/ve
√
B2z−U
2
, which is in-
tegrable only if ∆ >
√
B2z − U2. So, the condition for
the Majorana fermion localized at the vortex core can be
written as follows:
∆2 + U2 −B2z > 0 (18)
As we can see, that condition is in contradiction with the
answer given by Chern number analysis, see Eq. (4) and
in agreement with index theorem, see Eq. (10). Majorana
spinor can be expressed as follows for |U | ≥ |Bz |
ψ = Ce−i
pi
4 σze
−
r∫
0
∆(r′)
v
dr′


J0
(
r
v
√
U2 −B2z
)
J1
(
r
v
√
U2 −B2z
)
e−iθ
J1
(
r
v
√
U2 −B2z
)
eiθ
−J0
(
r
v
√
U2 −B2z
)


.(19)
For |U | < |Bz| Majorana fermion solution can be ex-
pressed as
ψ = Ce−i
pi
4 σze
−
r∫
0
∆(r′)
v
dr′


I0
(
r
v
√
B2z − U2
)
I1
(
r
v
√
B2z − U2
)
e−iθ
I1
(
r
v
√
B2z − U2
)
eiθ
−I0
(
r
v
√
B2z − U2
)


.(20)
where Im(x) is modified Bessel function of the first kind.
It is easy to check that Ξψ = ψ, hence ψ is Majorana
fermion. We note that for |Bz| ≥ |U | there is no spatial
oscillation of the wavefunction in contrast to the opposite
case |Bz| < |U |.
4III. DISCUSSION
We plot the topological phase diagram of the topolog-
ical insulator/superconductor heterostructure in a mag-
netic field (Fig. 2) .
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FIG. 2. Topological phase diagram of the topologi-
cal insulator/superconductor structure in out-plane Bz =
Bz/
√
∆2 + U2 and in-plane Bx = Bx/
√
∆2 + U2 magnetic
fields. C1 is the first Chern number. Z
ind
2 is the winding
given by the index theorem. The filled circle represents the
area with the Majorana fermion at the vortex core.
In this figure we can see that a Majorana fermion ex-
ists at the vortex core in the phase with small magnetic
field |B| < √∆2 + U2, where the first Chern number
is zero. At larger magnetic field |B| > √∆2 + U2 first
Chern number is non-trivial, however, there is no Ma-
jorana fermion at the vortex core. As we can see, the
Chern number analysis gives the wrong answer in com-
parison with both index theorem and strict solving of
BdG equations. So, topological index that provides the
information about presence of Majorana fermions at the
defects in arbitrary systems should not be always propor-
tional to the first Chern number. Why do we need that
index? Additional terms in hamiltonian, such as hexag-
onal warping, band curvature, anisotropy, etc., make it
difficult to solve BdG equations directly. Proper topolog-
ical index can provide a quick answer: Can a Majorana
fermion exist in the system, and what parameters of the
system do we need for that?
Lande´ factor can be very large in topological insula-
tors19, up to g ∼ 80. Taking characteristic values of
Lande´ factor g = 65 for Bi2Te3, superconducting or-
der parameter ∆ = 1 meV for NbTi and considering
chemical potential that lies at the Dirac point, then
the topological phase transition occurs at magnetic field
Bc = ∆/gµB ∼ 0.23 T which is smaller than the sec-
ond critical field of NbTi Bc2 = 10 T
20. Also, it is
known that for the thin film of superconductor d ≪ λL
the second critical field can be be significantly enhanced
Bc2 = 2
√
6B0λL/d in comparison with the second criti-
cal field for massive superconductor B0
20. Recent exper-
iments show that for Pb thin island the second critical
field can be as large as 1 T24. Fine tuning of chemical
potential to the Dirac point should be done in order to
achieve condition B >
√
∆2 + U2.
What observables can be measured? Re-entrant super-
conductivity can be observed by the transport or STM
measurements. We claim that if Zeeman field is large
enough B >
√
∆2 + U2 then the Majorana fermion can-
not exist at the vortex core. Consider a cylindrical hole
in the superconductor layer placed on the top of the topo-
logical insulator. In the presence of small magnetic field
that is perpendicular to the surface a vortex with a Ma-
jorana fermion can be trapped by the hole. Majorana
fermion can be observed as a robust zero-bias peak if
B <
√
∆2 + U2. Now we apply in-plane magnetic field
B >
√
∆2 + U2 and after re-opening of the gap Majorana
fermion peak should disappear.
We have studied a topological insula-
tor/superconductor structure with the vortex in
the magnetic field. This is an example of the system in
which a Majorana fermion exists at the vortex core in
the phase with zero first Chern number and does not
exist in the phase with non-zero first Chern number.
That result is supported by the index theorem.
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